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Electric charge and magnetic moment of massive neutrino
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We consider the massive Dirac neutrino electric charge and magnetic moment within the context of
the standard model supplied with SU(2)-singlet right-handed neutrino in arbitrary Rξ gauge. Using
the dimensional-regularization scheme we start with the calculations of the one-loop contributions to
the neutrino electromagnetic vertex function exactly accounting for the neutrino mass. We examine
the decomposition of the massive neutrino electromagnetic vertex function. It is found by means
of direct calculations that the massive neutrino vertex function contains only the four form factors.
Then we derive the closed integral expressions for different contributions to the neutrino electric form
factor, electric charge, and magnetic moment. For several one-loop contributions to the neutrino
charge and magnetic moment, that were calculated previously with mistakes by the other authors,
we find the correct results. We show that the electric charge for the massive neutrino is a gauge
independent and vanishing parameter in the first two orders of the expansion over the neutrino
mass parameter b = (mν/MW )2. From the obtained closed two-integral expression for a massive
neutrino electric form factor it is also possible to derive the neutrino charge radius. In the particular
choice of the ’t Hooft-Feynman gauge we also demonstrate that the neutrino charge is zero in all
orders of expansion over b, i.e. for arbitrary mass of neutrino. For each of the diagrams contributing
to the neutrino magnetic moment, we obtain the expressions accounting for the leading (zeroth)
and next-to-leading (first) order in b, where the gauge dependence is shown explicitly. Each of the
contributions is finite and the sum of all contributions turns out to be gauge-independent. Our
calculations also enable us to obtain the neutrino magnetic moment in theoretical models that differ
from each other by the values of particles’ masses, including the case of a very heavy neutrino. The
general expression for the massive neutrino magnetic form factor is presented.

PACS numbers: 13.40.Gp, 13.40.Dk, 14.60.St, 14.60.Pq

I. INTRODUCTION

The recent experimental studies of the astrophysical and terrestrial neutrino fluxes provide the convincing evidences
for the non-vanishing neutrino mass and neutrino mixing [1]. These properties of neutrino are attributes of the physics
beyond a scope of the standard model. An important information on the structure of the future model of interaction
can be obtained in the investigation of radiative corrections to the properties of neutrino that in principle can be also
verified in experiments. A critical test of a theoretical model is provided by the direct calculation of such characteristics
of neutrino as its electric charge and magnetic moment. In this respect it is interesting to examine the gauge and
neutrino mass dependence of these quantities.

The electric charge and magnetic moment are the most important static electromagnetic properties of a particle.
Their values are determined by corresponding form factors if the external photon is on a mass shell. In spite of the
fact that the electromagnetic form factors are not measurable properties of a particle at nonzero momentum transfer,
there are processes where the off-shell external photons are important. The example is the radiative corrections to
the fermion-fermion scattering. The fermion electromagnetic vertex function and, in particular, its representation in
terms of form factors in the case of off-shell external photon has been considered in Refs. [2, 3] within various gauge
theories.

To the best of our knowledge, however, there is no direct one-loop calculations of the neutrino electromagnetic
vertex as well as of the neutrino charge and magnetic moment which are performed within the context of the standard
model in the renormalizable Rξ gauge and which explicitly take into account the neutrino mass. It is worth to be
noted here that the massive Majorana neutrino cannot have neither magnetic nor electric dipole moment. Due to the
lepton flavour non-conservation that has been confirmed in the neutrino experiments, a neutrino could have flavour-
off-diagonal transition magnetic moment, which is also allowable for Majorana neutrino. The differences between the
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Dirac and Majorana electromagnetic properties are explained in detail in [4].
The neutrino vertex function in the limit of small neutrino mass was considered in Ref. [5]. There are several

works where the neutrino charge is calculated within the standard model using the unitary, linear Rξ, and ’t Hooft-
Feynman gauges [6, 7, 8, 9]. The one-loop contributions to the neutrino magnetic moment in the standard model
have been also considered previously [5, 10, 11, 12]. The vanishing of the massless neutrino charge emerges from
the unbroken electromagnetic gauge invariance. The corresponding Ward identity has been derived in Refs. [13, 14]
using the background field method. In the recent studies [14] a computation of one-loop electroweak diagrams, which
contribute to the neutrino charge and magnetic moment in the background field method and in the linear Rξ gauge,
is presented. However, all the previous calculations of the neutrino charge have been performed under assumption of
a vanishing neutrino mass. With respect to the neutrino magnetic moment, an according treatment of this quantity
was also performed to the leading order in the neutrino mass that is valid for the case of neutrino being much lighter
than the corresponding charged lepton, mνℓ

≪ mℓ. In addition, the results presented in Ref. [14] for the gauge-fixing
parameter dependence of several one-loop contributions to the neutrino charge and magnetic moment are incorrect.

In this paper we consider the massive Dirac neutrino charge and magnetic form factors in the context of the stan-
dard model supplied with SU(2)-singlet right-handed neutrino. Using the dimensional-regularization scheme, we start
(Section II) with the calculations of the one-loop Feynman diagrams that contribute to the neutrino electromagnetic
vertex function Λµ(q) in the general Rξ gauge. It should be noted that, contrary to the previous studies, we ex-
plicitly account for non-vanishing neutrino mass. In Section II A we examine the structure of the massive neutrino
electromagnetic vertex function. The decomposition of a fermion vertex function in terms of the four well-known
electromagnetic form factors (presented, for instance, in Refs. [2, 3]) has been established using general principles
such as the Lorentz and CP invariance and the hermicity. We analyze this decomposition and verify it by means of
direct calculations in the case of massive neutrino within the standard model supplied with SU(2)-singlet right-handed
neutrino. Such direct calculations were never undertaken previously.

We present the general expressions for the contributions to neutrino electric form factor in Section III. Then in
Section III A we study the neutrino electric charge and analyze neutrino mass and gauge dependence of corresponding
contributions arising from different Feynman diagrams. Although there is no doubt that the neutrino electric charge
within the standard model is a gauge independent and vanishing quantity, however this fact has not been yet actually
demonstrated in the case of a massive neutrino. Our calculations allow us to determine the neutrino mass and
gauge parameter dependence of the one-loop contributions to the neutrino charge. We also obtain a correct gauge
dependence for the contributions of several diagrams to the neutrino charge that have been calculated in Ref. [14] with
mistakes. Within the one-loop level we show that the neutrino electric charge is gauge independent and vanishing in
the ”zeroth” and first order of the expansion over the neutrino mass parameter b = (mν/MW )

2
. Moreover, for the

particular choice of the ’t Hooft-Feynman gauge we also demonstrate that the neutrino charge is zero for arbitrary
neutrino mass, i.e. in all orders of the expansion over the parameter b. The obtained formulae can be used for studying
the massive neutrino charge radius (Section III C).

In Section IV we consider the neutrino magnetic form factor using the one-loop contributions to the neutrino
electromagnetic vertex derived in Section II. For each of the contributions to the neutrino magnetic moment we
derive the integral representations that exactly account for the gauge-fixing parameters as well as for the neutrino
mass and corresponding charged lepton mass parameters (b and a = (mℓ/MW )

2
). Then for each of the diagrams

we perform an integration and obtain the explicitly gauge-dependent contributions to the neutrino magnetic moment
accounting for the leading (zeroth) and next-to-leading (first) order in the expansion over neutrino mass parameter
b. The sum of all the contributions turns out to be gauge parameter independent. However, our results for several
contributions to the neutrino magnetic moment in the leading order in the neutrino mass disagree with those of Ref. [14]
for the corresponding contributions. In particular, contrary to the results of Ref. [14], not all the contributions are
gauge independent. Our calculations enable one to reproduce the correct value for the neutrino magnetic moment
in any gauge including also the unitary gauge for which the results of Ref. [14] are incorrect. In this Section we get
final expressions for the massive neutrino magnetic moment in the various ranges of neutrino, charged lepton and W
boson masses: mν ≪ mℓ ≪ MW , mℓ ≪ mν ≪ MW , and mℓ ≪ MW ≪ mν . The last case amounts to a very heavy
neutrino that is not excluded by the LEP data (see, e.g., Ref. [15]). We also discuss the general formulae for the
massive neutrino magnetic form factor at non-zero momentum transfer.

The conclusions are made in Section V. We also include a list of the Feynman rules (Appendix A) and the typical
Feynman integrals (Appendix B) used in our calculations.

II. VERTEX FUNCTION OF MASSIVE NEUTRINO

The matrix element of the electromagnetic current between neutrino states can be presented in the form

〈ν(p′)|JEM
µ |ν(p)〉 = ū(p′)Λµ(q)u(p), (2.1)
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where the most general expression for the electromagnetic vertex function Λµ(q) reads

Λµ(q) = fQ(q2)γµ + fM (q2)iσµνq
ν − fE(q2)σµνq

νγ5 + fA(q2)(q2γµ − qµ 6 q)γ5. (2.2)

Here fQ(q2), fM (q2), fE(q2) and fA(q2) are respectively the electric, dipole electric, dipole magnetic, and anapole
neutrino form factors, qµ = p′µ − pµ, σµν = (i/2)[γµ, γν ], γ5 = −iγ0γ1γ2γ3. Their values at q2 = 0 determine the
static electromagnetic properties of the neutrino. In the case of Dirac neutrinos, which is considered in this paper, the
assumption of CP invariance combined with the hermicity of the electromagnetic current JEM

µ implies that the electric
dipole form factor vanishes. At zero momentum transfer only fQ(0) and fM (0), which are called the electric charge
and the magnetic moment, respectively, contribute to the Hamiltonian Hint ∼ JEM

µ Aµ that describes the neutrino
interaction with external electromagnetic field Aµ.

There is an important difference between the electromagnetic vertex function representations in the cases of massive
and massless neutrino, respectively. If we consider a massless particle, from Eq. (2.2) it follows that the matrix element
of electromagnetic current can be expressed in terms of only one form factor (see, for example, Ref. [16])

ū(p′)Λµ(q)u(p) = fD(q2)ū(p′)γµ(1 + γ5)u(p). (2.3)

Thus, the electric charge and anapole form factors are related to the function fD(q2) by the trivial identities

fQ(q2) = fD(q2), fA(q2) = fD(q2)/q2. (2.4)

However in the case of a massive particle, there is no such simple relation between the electric and anapole form
factors since we cannot neglect the qµ 6 qγ5-matrix term in the anapole form factor. Moreover, the direct calculation
of the massive neutrino electromagnetic form factors shows that, besides the ordinary electric charge and magnetic
moment, each of the Feynman diagrams gives non-zero contribution to the term proportional to γµγ5-matrix. These
contributions does not vanish even at q2 = 0. This problem is related to the decomposition of the massive neutrino
electromagnetic vertex function. Taking into account the importance of this problem, we present the direct calculation
that verifies the decomposition given by Eq. (2.2). Using the developed in the next section technique for studying
the neutrino electric charge, we find that the sum of contributions of the complete set of Feynman diagrams to this
additional additional ”form factor” is zero at q2 = 0. The vanishing of the considered ”form factor” at q2 6= 0 for the
particular choice of the gauge is also demonstrated in the next subsection of this paper.

We present below the one-loop calculation of the electric charge and magnetic moment of the massive neutrino within
the context of the standard model supplied with SU(2)-singlet right-handed neutrino in the general Rξ gauge. The
one-loop contributions to the neutrino electromagnetic vertex Λµ(q) are given by the two types of Feynman diagrams:
the proper vertices (Fig. 1(a)-1(f)) and the γ − Z self-energy diagrams (Fig. 2(a)-2(h)). We use the Feynman rules
given in Appendix A to find the contributions to the neutrino vertex function Λµ(q). In the dimensional- regularization
scheme the contributions of the proper vertices diagrams (Fig. 1(a)-1(f)) can be written as

Λ(1)
µ = i

eg2

2

∫
dNk

(2π)N

[
gκλ − (1 − α)

kκkλ

k2 − αM2
W

]
γL

κ (6 p′ − 6 k +mℓ)γµ(6 p− 6 k +mℓ)γ
L
λ

[(p′ − k)2 −m2
ℓ ][(p− k)2 −m2

ℓ ][k
2 −M2

W ]
, (2.5)

Λ(2)
µ = i

eg2

2M2
W

∫
dNk

(2π)N

(mνPL −mℓPR)(6 p′ − 6 k +mℓ)γµ(6 p− 6 k +mℓ)(mℓPL −mνPR)

[(p′ − k)2 −m2
ℓ ][(p− k)2 −m2

ℓ ][k
2 − αM2

W ]
, (2.6)

Λ(3)
µ = i

eg2

2M2
W

∫
dNk

(2π)N
(2k − p− p′)µ

(mνPL −mℓPR)(6 k +mℓ)(mℓPL −mνPR)

[(p′ − k)2 − αM2
W ][(p− k)2 − αM2

W ][k2 −m2
ℓ ]
, (2.7)

Λ(4)
µ = i

eg2

2

∫
dNk

(2π)N
γL

κ (6 k +mℓ)γ
L
λ

[
δκ
β − (1 − α)

(p′ − k)κ(p′ − k)β

(p′ − k)2 − αM2
W

]
×

[
δλ
γ − (1 − α)

(p− k)λ(p− k)γ

(p− k)2 − αM2
W

]
×

δβ
µ(2p′ − p− k)γ + gβγ(2k − p− p′)µ + δγ

µ(2p− p′ − k)β

[(p′ − k)2 −M2
W ][(p− k)2 −M2

W ][k2 −m2
ℓ ]

, (2.8)
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FIG. 1: (a)-(f) proper vertices.

Λ(5)+(6)
µ = i

eg2

2

∫
dNk

(2π)N
×

{ γL
β (6 k −mℓ)(mℓPL −mνPR)

[(p′ − k)2 −M2
W ][(p− k)2 − αM2

W ][k2 −m2
ℓ ]

[
δβ
µ − (1 − α)

(p′ − k)β(p′ − k)µ

(p′ − k)2 − αM2
W

]
−

(mνPL −mℓPR)(6 k −mℓ)γ
L
β

[(p′ − k)2 − αM2
W ][(p− k)2 −M2

W ][k2 −m2
ℓ ]

[
δβ
µ − (1 − α)

(p− k)β(p− k)µ

(p− k)2 − αM2
W

] }
, (2.9)

where mν , MW and mℓ are the masses of neutrino, W boson, and the charged isodoublet partner of the neutrino,
respectively, e is the proton charge, g is the coupling constant of the standard model, θW is the Weinberg angle,
α = 1/ξ is the gauge parameter of W boson, PL,R = (1 ± γ5)/2 are the projection operators.

The contributions of γ − Z self-energy diagrams (Fig. 2(a)-2(h)) to the vertex Λµ(q) are given by

Λ(j)
µ (q) =

g

2 cos θW
Π(j)

µν (q)
1

q2 −M2
Z

{
gνα − (1 − αZ)

qνqα

q2 − αZM2
Z

}
γL

α , j = 7, . . . , 14, (2.10)

where

Π(7)
µν (q) = −ieg cos θW

∫
dNk

(2π)N

1

[(k − q)2 −M2
W ][k2 −M2

W ]
×

[
gγα − (1 − α)

(k − q)γ(k − q)α

(k − q)2 − αM2
W

] [
gβλ − (1 − α)

kβkλ

k2 − αM2
W

]
×

[
(k + q)γδβ

µ + (q − 2k)µg
βγ + (k − 2q)βδγ

µ

] [
(k + q)αδλ

ν + (q − 2k)νg
αλ + (k − 2q)λδα

ν

]
, (2.11)
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FIG. 2: (a)-(h) The γ−Z self-energy diagram. f denotes the electron, muon, and τ -lepton as well as u, c ,t, d, s, and b quarks.

Π(8)
µν (q) = −2ieg

sin2 θW

cos θW
M2

W

∫
dNk

(2π)N

1

[(k − q)2 − αM2
W ][k2 −M2

W ]

[
gµν − (1 − α)

kµkν

k2 − αM2
W

]
, (2.12)

Π(9)
µν (q) = ieg

cos2 θW − sin2 θW

cos θW

∫
dNk

(2π)N

gµν

k2 − αM2
W

, (2.13)

Π(10)
µν (q) = −ieg cos θW

∫
dNk

(2π)N

δα
µδ

β
ν + δβ

µδ
α
ν − 2gαβgµν

[k2 −M2
W ]

[
gαβ − (1 − α)

kαkβ

k2 − αM2
W

]
, (2.14)
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Π(11)+(12)
µν (q) = 2ieg cos θW

∫
dNk

(2π)N

kµ(k − q)ν

[(k − q)2 − αM2
W ][k2 − αM2

W ]
, (2.15)

Π(13)
µν (q) = ieg

sin2 θW − cos2 θW

2 cos θW

∫
dNk

(2π)N
(2k − q)µ(2k − q)ν

1

[(k − q)2 − αM2
W ][k2 − αM2

W ]
, (2.16)

Π(14)
µν (q) =

ieg

2 cos θW

∑

f

Qf

∫
dNk

(2π)N

1

[(k − q)2 −m2
f ][k2 −m2

f ]
×

Tr

[
γµ(6 k +mf )γν

{
±1

2
− 2Qf sin2 θW ± 1

2
γ5

}
(6 k − 6 q +mf )

]
. (2.17)

Here MZ and αZ are respectively the mass and gauge parameter of Z boson. In Eq. (2.17), ”−” and ”+” stand for
the ”upper” (u, c, and t quarks) and ”lower” (electron, muon, τ -lepton as well as d, s, and b quarks) components of
an isodoublet, mf and Qf are the mass and electric charge (in the units of e) of a fermion circulating within the loop.

It is convenient to decompose each of the γ − Z self-energy contributions at arbitrary q2 and explicitly extract the
transversal term:

Π(j)
µν (q) = A(j)(α, q2)

(
gµν − qµqν

q2

)
+B(j)(α, q2)gµν , j = 7, . . . , 14. (2.18)

Using Eqs. (2.11)-(2.17) for the contributions of the γ −Z self-energy diagrams in the form of the Feynman integrals
as well as Eq. (2.18), it is possible to present the functions A(j)(α, q2) and B(j)(α, q2) (j = 7, . . . , 14) in the explicit
form

A(7)(α, q2) = 2 cos3 θW sin θWM2
WM2

ZG̃F τ
[
ω

(
−14

3
+ α

)
+

1

6
+
α

2
−

2τ

∫ 1

0

dx(1 − x2)2 {ln(1 − ζ − x(1 − α)) − ln(1 − ζ)} + 2

∫ 1

0

dx(5x2 − 5x− 1) ln(1 − ζ)−

2

∫ 1

0

dx(4x2 − 3) {(1 − ζ − x(1 − α)) ln(1 − ζ − x(1 − α)) − (1 − ζ) ln(1 − ζ)}+

τ

2

∫ 1

0

dx{2(1 − ζ − x(1 − α)) ln(1 − ζ − x(1 − α)) − (1 − ζ) ln(1 − ζ) − (α− ζ) ln(α− ζ)}
]
, (2.19)

A(8)(α, q2) = −4 cos θW sin3 θWM2
WM2

ZG̃F τ

∫ 1

0

dxx2 {ln(1 − ζ − x(1 − α)) − ln(α− ζ)} , (2.20)

A(9)(α, q2) = 0, (2.21)

A(10)(α, q2) = 0, (2.22)

A(11)+(12)(α, q2) = 2 cos3 θW sin θWM2
WM2

ZG̃F τ
[ω

3
+ 2

∫ 1

0

dxx(1 − x) ln(α− ζ)
]
, (2.23)

A(13)(α, q2) = (sin2 θW − cos2 θW ) cos θW sin θWM2
WM2

ZG̃F τ
[
− ω

3
−

∫ 1

0

dx(2x − 1)2 ln(α− ζ)
]
, (2.24)
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A(14)(α, q2) = 8 cos θW sin θWM2
WM2

ZG̃F τ
[ω

6

(
−3 − 28

3
sin2 θW

)
+

∑

f

Qf

(
±1

2
− 2Qf sin2 θW

) {
1

6
ln

(mf

M

)2

+

∫ 1

0

dxx(1 − x) ln (1−(M/mf

)
2ζ

)} ]
, (2.25)

B(7)(α, q2) = 2 cos3 θW sin θWM2
WM2

ZG̃F

[
ω

(
τ

2
− 12 + 3α(1 + α)

2

)
+

3

4
(2 + α(1 + α)) − τ

24
(25 + 3α)−

3τ

∫ 1

0

dx(2x − 1)2 ln(1 − ζ) − 9

∫ 1

0

dx(1 − ζ) ln(1 − ζ)−

3τ

∫ 1

0

dxx2 {(1 − ζ − x(1 − α)) ln(1 − ζ − x(1 − α)) − (1 − ζ) ln(1 − ζ)}−

9

2

∫ 1

0

dx
{
(1 − ζ − x(1 − α))2 ln(1 − ζ − x(1 − α)) − (1 − ζ)2 ln(1 − ζ)

} ]
, (2.26)

B(8)(α, q2) = 2 cos θW sin3 θWM2
WM2

ZG̃F

[
− ω

3 + α

2
− 1 − α

2
− 2

∫ 1

0

dx ln(1 − ζ − x(1 − α))+

∫ 1

0

dx {(1 − ζ − x(1 − α)) ln(1 − ζ − x(1 − α)) − (α− ζ) ln(α− ζ)}+

2τ

∫ 1

0

dxx2 {ln(1 − ζ − x(1 − α)) − ln(α − ζ)}
]
, (2.27)

B(9)(α, q2) = 2(cos2 θW − sin2 θW ) cos θW sin θWM2
WM2

ZG̃F

[
α(ω − 1) + α lnα

]
, (2.28)

B(10)(α, q2) = 6 cos3 θW sin θWM2
WM2

ZG̃F

[
ω

3 + α2

2
− 1

4
− 5α2

12
+
α2 lnα

2

]
, (2.29)

B(11)+(12)(α, q2) = 2 cos3 θW sin θWM2
WM2

ZG̃F

[
ω

(
α− τ

2

)
− α+

τ

6
+

∫ 1

0

dx(α− ζ) ln(α− ζ) − 2τ

∫ 1

0

dxx(1 − x) ln(α− ζ)
]
, (2.30)

B(13)(α, q2) = 2(sin2 θW − cos2 θW ) cos θW sin θWM2
WM2

ZG̃F

[
α(ω − 1) +

τ

6
+

∫ 1

0

dx(α − ζ) ln(α − ζ) +
τ

2

∫ 1

0

dx(2x − 1)2 ln(α− ζ)
]
, (2.31)

B(14)(α, q2) = 0, (2.32)

where

G̃F =
GF

4π2
√

2
, ω = −1

ε
− ln(4π2) + C − ln

(
λ2

M2
W

)
,

and GF is the Fermi constant, ζ = x(1 − x)τ , τ = q2/M2
W .

In the derivation of Eqs. (2.19)-(2.32) we have used the properties of the γ matrix algebra in N dimensional space
and the expressions for the characteristic loop integrals presented in Appendix B.
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A. The decomposition of massive neutrino electromagnetic vertex function

In the direct calculations of the massive neutrino electromagnetic vertex function, taking into accounting the
complete set of the Feynman diagrams, one reveals that, besides the well-known four terms, in Eq. (2.2) appears an
additional term proportional to γµγ5-matrix. Therefore we introduce the additional ”form factor” f5(q

2). In this
subsection we analyze this ”form factor” and show by explicit calculations that f5(q

2) = 0 for arbitrary q2 and for
particular choices of the particles’ masses and gauge-fixing parameters.

Let us first consider the value of f5(q
2) at q2 = 0: ϕ = f5(q

2 = 0). The contributions to the ”charge” ϕ of the
proper vertices diagrams (Fig. 1(a)-1(f)) have the form:

ϕ(1)(a, b, α) =
eGF

4π2
√

2
M2

W

{
ω
α

2
+ 1 +

1 − α

12
+

∫ 1

0

dz(1 − z) lnD−
∫ 1

0

dz(1 − z)(a− bz2)
1

D
+
b

2

∫ 1

0

dz(1 − z)3(a− bz2)

[
1

Dα
− 1

D

]
−

1

2

∫ 1

0

dz(1 − z)(a− b+ 6bz(1 − z)) [lnDα − lnD] + 3

∫ 1

0

dz(1 − z) [Dα lnDα −D lnD]

}
, (2.33)

ϕ(2)(a, b, α) =
eGF

4π2
√

2
M2

W

{
a− b

2

(
ω

2
+

1

2
+

∫ 1

0

dz(1 − z) lnDα

)
−

1

2

∫ 1

0

dz(1 − z)(a2 − abz2 + b2z2 − ab)
1

Dα

}
, (2.34)

ϕ(3)(a, b, α) =
eGF

4π2
√

2
M2

W

a− b

2

(
−ω

2
−

∫ 1

0

dz z lnDα

)
, (2.35)

ϕ(4)(a, b, α) =
eGF

4π2
√

2
M2

W

{
− ω

3

4
(1 + α) − 1 − 3

∫ 1

0

dz z lnD + b

∫ 1

0

dz z2(1 − z)
1

D
−

9

2

∫ 1

0

dz

∫ z

0

dy [(Dα + y(1 − α)) ln(Dα + y(1 − α)) −D lnD]−

b2
∫ 1

0

dz

∫ z

0

dy(1 − z)2(z(1 − z) − 2y)

[
1

Dα + y(1 − α))
− 1

D

]
−

b

2

∫ 1

0

dz

∫ z

0

dy(7 − 18z + 11z2) [ln(Dα + y(1 − α)) − lnD]

}
, (2.36)

ϕ(5)+(6)(a, b, α) =
eGF

4π2
√

2
M2

W

{∫ 1

0

dz

∫ z

0

dy(a− bz)
1

Dα + y(1 − α)
−

a− b

2

∫ 1

0

dz

∫ z

0

dy [ln(Dα + y(1 − α)) − lnDα]

}
, (2.37)

where

a =

(
mℓ

MW

)2

and b =

(
mν

MW

)2

(2.38)

are the charged lepton and neutrino mass parameters, respectively, Dα = a+ (α− a)z − bz(1 − z) and D = Dα=1 =
a+ (1 − a)z − bz(1 − z).

In Eqs. (2.33)-(2.37) we assume the mass parameters a and b as well as the gauge parameter α to be arbitrary.
We have calculated the integrals in Eqs. (2.33)-(2.37), however the results, being expressed in elementary functions,
are rather cumbersome. Therefore we also perform corresponding integrations in the first two terms of expansion
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over the neutrino mass parameter b for arbitrary values of the charged lepton mass parameter a and the gauge-fixing
parameter α. In this case the sum of the proper vertices diagrams contributed to the ”charge” ϕ can be written as

ϕ(prop.vert.)(a, b, α) =
eGF

4π2
√

2
M2

W

6∑

i=1

{ϕ̄(i)
0 (a, α) + bϕ̄

(i)
1 (a, α) + O(b2)}. (2.39)

The contributions of the γ − Z self-energy diagrams (Fig. 2(a)-2(h)) to the ”charge” ϕ coincides with those to the
neutrino electric chargeQ(γ−Z) and thus are given by Eq. (3.26) (the details of the neutrino electric charge calculations

can be found in Section III A). We have calculated the functions ϕ̄
(i)
0 (a, α) and ϕ̄

(i)
1 (a, α) and found out that the sum

of all the contributions ϕ̄
(i)
0 (a, α) exactly cancels the contribution of the γ − Z self-energy diagrams. This our result

corresponds to the case of a massless particle. Therefore the ”charge” ϕ of a massless neutrino is zero. Then, summing

the contributions ϕ̄
(i)
1 (a, α) we reveal that the value of the ”charge” ϕ is also zero in the next order of the expansion

over the neutrino mass parameter b.
Now let us consider the value of the ”form factor” f5(q

2) at non-zero momentum transfer. In the subsequent
calculations we have to fix the gauge in order to simplify the formulae. We set αZ = ∞ and α = 1 that corresponds
to the unitary gauge for Z boson and the ’t Hooft-Feynman gauge for W boson. However, we do not restrict
ourselves considering either light neutrino or light charged lepton: the mass parameters a and b are arbitrary in all
our calculations. In this case the function B(q2) in the decomposition of the γ−Z self-energy diagrams [see Eq. (2.18)]
takes on the form

B(q2) =

14∑

j=7

B(j)(q2) = 2 cos θW sin θWM2
WM2

ZG̃F (−2ω + gc(τ) cos2 θW + gs(τ) sin2 θW ), (2.40)

where

gc(τ) = −7

6
τ − 7τ

2

∫ 1

0

dx(6x2 − 6x+ 1) ln(1 − ζ) − 9

∫ 1

0

dx ln(1 − ζ),

gs(τ) =
τ

6
+
τ

2

∫ 1

0

dx(6x2 − 6x+ 1) ln(1 − ζ) −
∫ 1

0

dx ln(1 − ζ).

We note that gs(0) = gc(0) = 0. To show that gs(τ) = gc(τ) for any value of τ we consider their difference
g(τ) = gs(τ) − gc(τ). The function g(τ) can be represented as follows

g(τ) =
4

3
τ + 8

∫ 1

0

dx ln(1 − ζ) + 4τ

∫ 1

0

dx(6x2 − 6x+ 1) ln(1 − ζ).

Expanding ln(1 − ζ) in the formal series

ln(1 − ζ) = −
∞∑

k=0

τk

k
xk(1 − x)k,

and performing the integration with the help of the formula

∫ 1

0

dxxl(1 − x)s =
(l + 1)!(s+ 1)!

(l + s+ 2)!
, (2.41)

we receive that g(τ) = 0 for any value of τ . Thus, the expression for B(q2) can be represented in the form

B(q2) = 2 cos θW sin θWM2
WM2

ZG̃F (−2ω + gs(τ)).

It is interesting to note that, in contrast to Eq. (2.40), in this expression the dependence on cos2 θW and sin2 θW

is absent. We have also verified that the analogous property of the function B(q2) remains valid in the case of an
arbitrary gauge.

The γ − Z self-energy diagrams contribute to the f5(q
2) ”form factor” according to the formula

f
(γ−Z)
5 (q2) = − g

4M2
Z cos2 θW

B(q2).
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Now we turn to the contributions of the proper vertices diagrams (shown in Fig. 1(a)-1(f)) to the f5(q
2) ”form

factor” at arbitrary q2:

f
(prop.vert.)
5 (q2) =

6∑

i=1

f
(i)
5 (q2) =

eGF

4π2
√

2
M2

W

{
− ω +

∫ 1

0

dz

∫ z

0

dy ln(D′ − τy(z − y)) − 3

∫ 1

0

dz

∫ z

0

dy ln(D − τy(z − y))+

a− b

2

(∫ 1

0

dz

∫ z

0

dy ln(D′ − τy(z − y)) −
∫ 1

0

dz

∫ z

0

dy ln(D − τy(z − y)) +
1

2

)
+

(
1 +

a− b

2

) ∫ 1

0

dz

∫ z

0

dy
1

D′ − τy(z − y)

[
− (a− b(1 − z)2) + τ

(
1

2
z(1 − z) + y(z − y)

) ]
+

∫ 1

0

dz

∫ z

0

dy
1

D − τy(z − y)
×

[
a− bz2 + τ

(
3y(z − y) − 1

4
z − 1

2
z2 +

1

2
y − 1

4
(a− b)z2 + (a− b)y(z − y)

) ]}
, (2.42)

where D′ = 1 + (a− 1)z − bz(1− z). Eq. (2.42) can be analyzed in the same manner as we have treated the function
g(τ). For instance, let us present the calculations of one of the integrals in Eq. (2.42)

I(τ) =

∫ 1

0

dz

∫ z

0

dy(a− bz2)
1

D − τy(z − y)
. (2.43)

We again expand the integrand in Eq. (2.43) in the formal series

1

D − τy(z − y)
=

1

D

∞∑

k=0

( τ
D

)k

yk(z − y)k.

Then, we carry out the integration over the variable y using Eq. (2.41). The obtained result should be transformed
according to the identity

∫ 1

0

dz
zl

Dk+1
(a− bz2) =

1

k
+
k − l − 1

k

∫ 1

0

dz
zl

Dk
, k ≥ 1, l ≥ 0,

which can be proven by means of partial integration. Finally, we get the following expression for the function I(τ):

I(τ) =

∞∑

k=1

τk

k

(k!)2

(2k + 1)!
−

∞∑

k=1

k + 2

k

(k!)2

(2k + 1)!
τk

∫ 1

0

dz
z2k+1

Dk
. (2.44)

Note that the first term in Eq. (2.44) does not depend on the charged lepton and neutrino mass parameters, a and b.
It is this term that cancels the corresponding contribution of the γ−Z self-energy diagrams. The subsequent analysis
of the remaining contributions of the proper vertices diagrams can be performed in the same manner as we have done
it for the function I(τ). Finally, we obtain that

f5(q
2) = f

(γ−Z)
5 (q2) + f

(prop.vert.)
5 (q2) = 0

for any value of q2 and for arbitrary charged lepton a and neutrino b mass parameters. It should be noted that
the decomposition of the fermion electromagnetic vertex function in terms of the four form factors was established
previously with the use of only general principles such as the Lorentz invariance and hermicity of the electromagnetic
current operator. We have demonstrated the validity of this decomposition by means of the direct calculations of the
corresponding Feynman diagrams.

III. NEUTRINO ELECTRIC FORM FACTOR

In this section we study the massive neutrino electric form factor. Using the results of the previous section for
different contributions to the neutrino vertex Λµ(q) we extract in Eqs. (2.5)-(2.17) the coefficients proportional to
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γµ-matrix that are, according to the decomposition (2.2), the corresponding contributions to the neutrino electric
form factor fQ(q2).

First of all we consider the contributions of the one-loop proper vertices [Fig. 1(a)-1(f)] to the neutrino electric
form factor. Using the well known mass shell identity

ū(p′)(p′µ + pµ)u(p) = ū(p′)(2mνγµ − iσµνq
ν)u(p),

and carrying out an integration over the virtual momenta within the dimensional-regularization scheme (see for more
details Appendix B) we derive the exact expressions for the contributions from the considered diagrams to the massive
neutrino electric form factor in terms of the definite integrals

f
(prop.vert.)
Q (q2) =

eGF

4π2
√

2
M2

W

6∑

i=1

f̄
(i)
Q (q2),

where

f̄
(1)
Q (q2) = ω

α

2
+ 1 +

1 − α

12
+

∫ 1

0

dz

∫ z

0

dy lnD1 −
∫ 1

0

dz

∫ z

0

dy
(
a+ b(1 − z)2 + τ(1 − z + y(z − y))

) 1

D1
+

1

2

∫ 1

0

dz

∫ z

0

dy
(
bz2(a+ b(1 − z)2) + aτy(z − y)+

bτ(2zy(z − y)(1 − z) + 5y(z − y) − z2(1 − z)) + τ2y(z − y)(1 − z + yz − y2)
) [

1

D1(α)
− 1

D1

]
−

1

2

∫ 1

0

dz

∫ z

0

dy (a+ b+ 6bz(1 − z) + τ(1 − 3z + 6y(z − y))) [lnD1(α) − lnD1] , (3.1)

f̄
(2)
Q (q2) =

a+ b

2

(
ω

2
+

1

2
+

∫ 1

0

dz

∫ z

0

dy lnD1(α)

)
−

1

2

∫ 1

0

dz

∫ z

0

dy
(
a2 + abz2 + b2z2 − 4abz + ab+ (a+ b)τy(z − y)

) 1

D1(α)
, (3.2)

f̄
(3)
Q (q2) =

a+ b

2

(
−ω

2
−

∫ 1

0

dz

∫ z

0

dy lnD2(α)

)
+ b

∫ 1

0

dz

∫ z

0

dy
(
3az − az2 − 2a+ bz(1 − z)

) 1

D2(α)
, (3.3)

f̄
(4)
Q (q2) = −ω 3

4
(1 + α) − 1 − 3

∫ 1

0

dz

∫ z

0

dy lnD2 +

∫ 1

0

dz

∫ z

0

dy
(
3bz(1 − z) − τ(z − y(z − y))

) 1

D2
−

9

2

∫ 1

0

dz

∫ z

0

dy [(D2(α) + y(1 − α)) ln(D2(α) + y(1 − α)) − D2 lnD2]−
∫ 1

0

dz

∫ z

0

dy
(
2b2(1 − z)2(z(1 − z) − y) − bτ(y(z − y)(5z − 3z2 − 3y) + z(1 − z)2 − y(2 − y − y2))−

τ2y(z − y)(1 − z + yz + y + y2)
) [

1

D2(α) + y(1 − α))
− 1

D2

]
+

1

2

∫ 1

0

dz

∫ z

0

dy
(
3b(1 − z2) + τ(4 − 6(z − y) + 11y(z − y))

)
[ln(D2(α) + y(1 − α)) − lnD2]−

bτ

2

∫ 1

0

dz

∫ z

0

dy
(
bz(1 − 3z + z2 + z3) − τy(z − y)(z + z2 − 2y)

) [
1

D2
+

1

D2(α)
− 2

D2(α) + y(1 − α)

]
+

τ

4

∫ 1

0

dz

∫ z

0

dy
(
b(9 − 13z + 4z2) − 2τy(z − y)

)
[lnD2 + lnD2(α) − 2 ln(D2(α) + y(1 − α))] +

3τ

4

∫ 1

0

dz

∫ z

0

dy [D2 lnD2 + D2(α) ln D2(α) − 2(D2(α) + y(1 − α)) ln(D2(α) + y(1 − α))] , (3.4)
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f̄
(5)+(6)
Q (q2) =

∫ 1

0

dz

∫ z

0

dy(a− bz)
1

D2(α) + y(1 − α)
−

b

∫ 1

0

dz

∫ z

0

dy(1 − z)
(
(1 − z)(a− bz)− τy(z − y)

) [
1

D2(α) + y(1 − α)
− 1

D2(α)

]
−

1

2

∫ 1

0

dz

∫ z

0

dy(a+ 5b− 6bz) [ln(D2(α) + y(1 − α)) − lnD2(α)] . (3.5)

Here

D1(α) = α+ (a− α)z − bz(1 − z) + τy(z − y), D1 = D1(α = 1) = 1 + (a− 1)z − bz(1 − z) + τy(z − y),

D2(α) = a+ (α− a)z − bz(1 − z) + τy(z − y), D2 = D2(α = 1) = a+ (1 − a)z − bz(1 − z) + τy(z − y).

Note that the values of the mass parameters of the charged lepton (a) and neutrino (b) are taken into account explicitly
in Eqs. (3.1)-(3.5). The gauge parameter α and q2 are arbitrary in these formulae.

The contributions of the γ − Z self-energy diagrams (Fig. 2(a)-2(h)) to the electric form factor can be obtained
using Eqs. (2.10) and (2.18). Thus, one obtains

f
(j)
Q (q2) =

g

4 cos θW

A(j)(α, q2) +B(j)(α, q2)

q2 −M2
Z

, j = 7, . . . , 14. (3.6)

Using explicit form of the functions A(j)(α, q2) [Eqs. (2.19)-(2.25)] and B(j)(α, q2) [Eqs. (2.26)-(2.32)] as well as
Eq. (3.6), one can also derive the expressions for the contributions of the γ − Z self-energy diagrams at arbitrary
values of the gauge parameter α and q2 6= 0.

A. Neutrino Electric Charge in Arbitrary Gauge

In this section we consider the neutrino electric charge. At zero momentum transfer the sum of the contributions to
the electric form factor determines the neutrino charge, fQ(0) = Q. Our goal is to find its total value for the massive
neutrino

Q =
6∑

i=1

Q(i)(a, b, α) +
14∑

j=7

Q(j)(a, b, α)

and to study the mass (a and b) and gauge-fixing (α and αZ) parameters dependence of the contributions from the
different Feynman diagrams depicted in Figs. 1(a)-1(f) and 2(a)-2(h).

First we consider the one-loop contributions to the neutrino charge which arise from the proper vertices diagrams
in Fig. 1(a)-1(f). Using of the more general formulae for the electric neutrino form factor Eqs. (3.1)-(3.5), we obtain
the exact expressions for the contributions from the considered diagrams to the massive neutrino charge in terms of
the definite integrals:

Q(1)(a, b, α) =
eGF

4π2
√

2
M2

W

{
ω
α

2
+ 1 +

1 − α

12
+

∫ 1

0

dz(1 − z) lnD−
∫ 1

0

dz(1 − z)(a+ bz2)
1

D
+
b

2

∫ 1

0

dz(1 − z)3(a+ bz2)

[
1

Dα
− 1

D

]
−

1

2

∫ 1

0

dz(1 − z)(a+ b+ 6bz(1− z)) [lnDα − lnD] + 3

∫ 1

0

dz(1 − z) [Dα lnDα −D lnD]

}
, (3.7)

Q(2)(a, b, α) =
eGF

4π2
√

2
M2

W

{
a+ b

2

(ω
2

+
1

2
+

∫ 1

0

dz(1 − z) lnDα

)
−

1

2

∫ 1

0

dz(1 − z)(a2 + abz2 + b2z2 − 4abz + ab)
1

Dα

}
, (3.8)

Q(3)(a, b, α) =
eGF

4π2
√

2
M2

W

{
a+ b

2

(
− ω

2
−

∫ 1

0

dz z lnDα

)
+ b

∫ 1

0

dz z (3az − az2 − 2a+ bz(1 − z))
1

Dα

}
, (3.9)
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Q(4)(a, b, α) =
eGF

4π2
√

2
M2

W

{
− ω

3

4
(1 + α) − 1 − 3

∫ 1

0

dz z lnD + 3b

∫ 1

0

dz z2(1 − z)
1

D
−

9

2

∫ 1

0

dz

∫ z

0

dy [(Dα + y(1 − α)) ln(Dα + y(1 − α)) −D lnD]−

2b2
∫ 1

0

dz

∫ z

0

dy(1 − z)2(z(1 − z) − y)

[
1

Dα + y(1 − α))
− 1

D

]
+

3

2
b

∫ 1

0

dz

∫ z

0

dy(1 − z2) [ln(Dα + y(1 − α)) − lnD]

}
, (3.10)

Q(5)+(6)(a, b, α) =
eGF

4π2
√

2
M2

W

{ ∫ 1

0

dz

∫ z

0

dy(a− bz)
1

Dα + y(1 − α)
−

b

∫ 1

0

dz

∫ z

0

dy(1 − z)2(a− bz)

[
1

Dα + y(1 − α)
− 1

Dα

]
−

1

2

∫ 1

0

dz

∫ z

0

dy(a+ 5b− 6bz) [ln(Dα + y(1 − α)) − lnDα]

}
. (3.11)

The integral expressions of Eqs. (3.7)-(3.11) for different proper vertices contributions to the neutrino charge exactly
account for the charged lepton and neutrino mass parameters, a and b, and also for the gauge-fixing parameter α.
We have calculated the integrals in Eqs. (3.7)-(3.11), however the results, being expressed in elementary functions,
are rather cumbersome. Therefore, we also perform corresponding integrations in the first two terms of expansion
over the neutrino mass parameter b for arbitrary values of the charged lepton mass parameter a and the gauge-fixing
parameter α. In this case the sum of the proper vertices diagrams to the neutrino electric charge can be written as

Q(prop.vert.)(a, b, α) =
eGF

4π2
√

2
M2

W

6∑

i=1

{q(i)0 (a, α) + bq
(i)
1 (a, α) + O(b2)}. (3.12)

For q
(i)
0 (a, α) we obtain

q
(1)
0 (a, α) = ω

α

2
− 1

4(1 − a)2(α− a)2
(
− 3a2 + 4a2α ln a− 5a2α+ 2α3 + 3a3 − 3a3 ln a− 2α3 lnα+

α2a lnα+ 2a2α3 − 3a3α2 + αa4 + 6a2α2 + 6aα− 3α2 − 4α3a− 2a3α+ 4α3a lnα− 2a4α ln a−
2α3a2 lnα+ 4αa3 ln a− 6a2α2 ln a+ α2a3 lnα− 2α2a2 lnα+ 3a3α2 ln a

)
, (3.13)

q
(2)
0 (a, α) = ω

a

4
+

a

8(α− a)2
(
2α2 lnα+ 4aα− 4aα lnα− α2 + 2a2 ln a− 3a2

)
, (3.14)

q
(3)
0 (a, α) = −ωa

4
− a

8(α− a)2
(
2α2 lnα+ 4aα− 4aα lnα− α2 + 2a2 ln a− 3a2

)
, (3.15)

q
(4)
0 (a, α) = −ω 3

4
(1 + α) − 1

8(1 − a)2(α− a)(1 − α)

(
α2a− 4a2 − 6α3 lnα− 6a3 ln a−

11a2α+ 5α3 + 5a3 + 5a2α3 − 5a3α2 + 10a2α2 + 10aα− 6α2 − 10α3a−
6α3a2 lnα− 12a2α2 ln a+ 12a2α ln a+ 12α3a lnα+ 6a3α2 ln a+ α− a

)
, (3.16)

q
(5)+(6)
0 (a, α) =

a

4(α− a)2(1 − a)(1 − α)

(
2aα lnα+ a2α− α3 + 4aα ln a− a2α2 − aα+ α2 + α3a−

3α2 lnα+ a2α2 ln a+ 2a2α ln a+ 4α2a lnα− α2a2 lnα− 4aα2 ln a− 2a2α lnα− 3a2 ln a
)
. (3.17)
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Each of the coefficients q
(i)
0 (a, α), if considered separately, depends on the gauge-fixing parameter α and all of them

[except for q
(5)
0 (a, α) and q

(6)
0 (a, α)] are divergent. Note that, according to the expansion given by Eq. (3.12), the sum

6∑

i=1

q
(i)
0 (a, α)

determines the proper vertex contribution to the charge in the limit of the massless neutrino.
It should also be noted that the two diagrams of Fig. 1(e) and 1(f) are convergent for every value of the gauge-fixing

parameter α. One can check this statement using Eq. (2.9). Indeed, these diagrams have the superficial degree of
divergence equal to −1 and hence converge [17]. Therefore the according contributions to the electric charge must
be finite as it is also shown by Eqs. (3.11) and (3.17). Here we find a discrepancy with the corresponding results of
Ref. [14] where the massless neutrino charge is calculated and the contributions of these two diagrams contain the
ultraviolet divergencies.

The next order over the neutrino mass parameter b of the proper vertex diagrams’ contributions to the neutrino
charge can be obtained if one expands the integrands in Eqs. (3.7)-(3.11), keeps the terms proportional to b, and then
carries out the integration. Taking into account that the functions D and Dα also depend on b, we find that

6∑

i=1

q
(i)
1 (a, α) = 0. (3.18)

Thus, due to the fact that, as it is shown below in this section, the γ − Z self-energy contribution does not depend
on the neutrino mass, it follows that the neutrino charge term proportional to the neutrino mass parameter b is zero.

Now let us turn to the γ−Z self-energy contributions to the neutrino electric charge. The corresponding Feynman

diagrams are depicted in Fig. 2(a)-2(h). Using Eq. (2.18), which presents the decomposition of the functions Π
(j)
µν (q),

as well as the explicit form of the functions A(j)(α, q2) [Eqs. (2.19)-(2.25)], we find that

A(j)(α, q2 = 0) = 0.

Therefore only the terms proportional to B(j)(α, 0) are responsible for the neutrino electric charge in the γ − Z
self-energy Feynman diagrams and we have

Q(γ−Z)(α) =

14∑

j=7

Q(j)(α) = − g

4M2
Z cos θW

14∑

j=7

B(j)(α, 0).

For each of the contributions Q(j)(α) (j = 7, . . . , 14) from Eq. (3.6) we obtain

Q(7)(α) =
eGF

4π2
√

2
M2

W cos2 θW

{
ω

[
3 +

3

4
α(1 + α)

]
− 1 − 5α

8
− 5α2

8
− 3α3

4

lnα

(1 − α)

}
, (3.19)

Q(8)(α) =
eGF

4π2
√

2
M2

W sin2 θW

{
ω

3 + α

4
− 5 + α

8
− α

2

(
1 +

α

2

) lnα

(1 − α)

}
, (3.20)

Q(9)(α) =
eGF

4π2
√

2
M2

W (cos2 θW − sin2 θW )
1

2
{−ωα+ α− α lnα} , (3.21)

Q(10)(α) =
eGF

4π2
√

2
M2

W cos2 θW

{
−3

4
ω(3 + α2) +

3

8
+

5α2

8
− 3

4
α2 lnα

}
, (3.22)

Q(11)+(12)(α) =
eGF

4π2
√

2
M2

W cos2 θW
1

2
{−ωα+ α− α lnα} , (3.23)

Q(13)(α) =
eGF

4π2
√

2
M2

W (sin2 θW − cos2 θW )
1

2
{−ωα+ α− α lnα} , (3.24)
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Q(14)(α) = 0. (3.25)

It is worth to mention that each of the contributions Q(j)(α) turns out to be independent on the neutrino (mν) and
charged lepton (mℓ) masses. There is also no dependence on the masses mf of the virtual fermions that circulate
in the γ − Z self-energy diagrams because of the properties of the γ-matrix algebra specified in Appendix B. The
dependence on the gauge-fixing parameter αZ also cancels out within each of the contributions. Note that prior
the integrations in Eqs. (2.11)-(2.17) is carried out the αZ dependence drops out of each of the electric form factor
contributions to the vertex function at arbitrary momentum transfer q2.

Finally, for the sum of all γ − Z self-energy contributions to the neutrino electric charge we have

Q(γ−Z)(α) =
eGF

4π2
√

2
M2

W

{
3 + α

4
ω − 5 + α

8
− α lnα

2(1 − α)

(
1 +

α

2

)}
. (3.26)

Some remarks should be made with respect to the divergent parts in Eqs. (3.13)-(3.16) and (3.26). The sum of all the
coefficients in ω terms is zero, i.e. the electric charge of a massive neutrino vanishes for every number of dimensions
N . The same property of the electric charge of a massless neutrino was determined in Ref. [9].

Now we can complete investigation of the neutrino charge in the zeroth order of the expansion over the neutrino
mass parameter b summing together the contributions from the proper vertices given by Eqs. (3.12)-(3.17),

Q(prop.vert.)(a, 0, α) =
eGF

4π2
√

2
M2

W

6∑

i=1

q
(i)
0 (a, α), (3.27)

and Q(γ−Z)(α) given by Eq. (3.26).
As a result we obtain that the neutrino electric charge in the zeroth order in the neutrino mass vanishes for every

gauge in agreement with the final results of Refs. [9, 14], where the calculations of the neutrino electric charge have
been performed in the limit of vanishing neutrino mass.

B. Neutrino Electric Charge in the ’t Hooft-Feynman Gauge

Within the ’t Hooft-Feynman gauge it is possible to show explicitly that at the one-loop level the neutrino electric
charge is zero for arbitrary mass of neutrino. The gauge-fixing parameter α = 1 in this gauge. Summing up the
contributions of all relevant diagrams [Eqs. (3.7)-(3.11) and (3.26)] we receive the exact expression for the neutrino
charge at arbitrary values of the charged lepton and neutrino mass parameters, a and b, while α = 1:

Q(a, b, α = 1) =
eGF

4π2
√

2
M2

W

{
1

2

∫ 1

0

dz[a(−(a+ 2) + z(a+ 4))+

ab(−1 + z + z2 − z3) + 2bz2(1 − 2z) + b2z2(1 − z)]
1

D
+

∫ 1

0

dz(1 − 4z) lnD +
a+ b

2

(
1

2
+

∫ 1

0

dz(1 − 2z) lnD

) }
. (3.28)

To analyze Eq. (3.28) we use the formulae
∫ 1

0

dz lnD = −1 +

∫ 1

0

dz(a− bz2)
1

D
,

∫ 1

0

dz z lnD = −1

4
+

1

2

∫ 1

0

dz z(a− bz2)
1

D
, (3.29)

that can be proven by means of partial integration. Substituting Eq. (3.29) into Eq. (3.28) we obtain that the neutrino
electric charge vanishes for arbitrary neutrino mass in the considered gauge.

C. Neutrino Charge Radius

Using the closed expressions for the contributions to the neutrino electric form factor obtained above in this Section,
it is possible also to derive the neutrino charge radius. Accounting for the next-to-leading term in the q2-expansion
of the contributions in Eqs. (3.1)-(3.5) and (3.6),

fQ(q2) = fQ(0) + q2
dfQ

dq2
(0) + · · · ,
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one can obtain the value of the massive neutrino charge radius as

〈r2ν〉 = −6
dfQ

dq2
(0)

and study its dependencies on the gauge and mass parameters. Here we should like to note that the problem of the
massless neutrino charge radius has been discussed in details in [18, 19].

IV. NEUTRINO MAGNETIC MOMENT

According to the general decomposition of the neutrino electromagnetic vertex function Λµ(q) given by Eq. (2.2),
the neutrino dipole magnetic form factor fM (q2) is the coefficient in the term proportional to iσµνq

ν . In this section
we first determine fM (q2) and then calculate at q2 = 0 the neutrino magnetic moment accounting for the two mass
parameters (a and b) and for the gauge-fixing parameter (α) as well,

µ(a, b, α) = fM (q2 = 0). (4.1)

Note that the Feynman diagrams in Fig. 2(a)-2(h) do not contribute to the neutrino magnetic moment. Thus, the
total one-loop value for the neutrino magnetic moment is given by

µ(a, b, α) =

6∑

i=1

µ(i)(a, b, α), (4.2)

where µ(i)(a, b, α) are the contributions to the magnetic moment from the corresponding diagrams shown in Fig. 1(a)-
1(f).

We treat the neutrino magnetic moment in the similar way as we have analyzed the neutrino electric charge. Using
Eqs. (2.5)-(2.9) for each of the contributions to the neutrino magnetic moment we receive

µ(1)(a, b, α) =
eGF

4π2
√

2
mν

{∫ 1

0

dzz(1 − z2)
1

D
− 1

2

∫ 1

0

dz(1 − z)3(a− bz)

[
1

Dα
− 1

D

]
−

1

2

∫ 1

0

dz(1 − z)(1 − 3z) [lnDα − lnD]

}
, (4.3)

µ(2)(a, b, α) =
eGF

4π2
√

2
mν

1

2

∫ 1

0

dz(1 − z)(−3az + az2 + 2a− bz(1 − z))
1

Dα
, (4.4)

µ(3)(a, b, α) =
eGF

4π2
√

2
mν

1

2

∫ 1

0

dz z(−3az + az2 + 2a− bz(1 − z))
1

Dα
, (4.5)

µ(4)(a, b, α) =
eGF

4π2
√

2
mν

{
1

2

∫ 1

0

dz z2(1 + 2z)
1

D
+

b

2

∫ 1

0

dz

∫ z

0

dy(1 − z)2(z(1 − z) − 2y)

[
1

Dα + y(1 − α)
− 1

D

]
+

1

2

∫ 1

0

dz

∫ z

0

dy(−2 + 9z − 4z2 − 6y) [ln(Dα + y(1 − α)) − lnD]

}
, (4.6)

µ(5)+(6)(a, b, α) =
eGF

4π2
√

2
mν

{∫ 1

0

dz

∫ z

0

dy y
1

Dα + y(1 − α)
+

1

2

∫ 1

0

dz

∫ z

0

dy(1 − z)2(a− bz)

[
1

Dα + y(1 − α)
− 1

Dα

]
+

1

2

∫ 1

0

dz

∫ z

0

dy(2 − 3z) [ln(Dα + y(1 − α)) − lnDα]

}
. (4.7)
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It should be noted that these formulae exactly account for dependencies on the neutrino and charged lepton mass
parameters (a and b) and the gauge-fixing parameter (α).

To proceed further with the analytical calculations we expand the contributions to the neutrino magnetic moment
[Eqs. (4.3)-(4.7)] over the neutrino mass parameter b and consider the first two terms. Then from Eq. (4.2) we obtain

µ(a, b, α) =
eGF

4π2
√

2
mν

6∑

i=1

{µ̄(i)
0 (a, α) + bµ̄

(i)
1 (a, α) + O(b2)}. (4.8)

For each of the coefficients µ̄
(i)
0 (a, α) we have found the exact expressions in terms of algebraic functions, however

they are again rather cumbersome. Therefore, let us consider more compact expressions for µ̄
(i)
0 (a, α) that can be

obtained in expansion over the charged lepton mass parameter a. Thus, accounting for the terms up to the second

order in a we derive for the coefficients µ̄
(i)
0 (a, α)

µ̄
(1)
0 (a, α) =

2

3
+

10 − 3α+ 6 ln a− 6 lnα

6α
a+ O(a2), (4.9)

µ̄
(2)
0 (a, α) = −5 + 3 ln a− 3 lnα

3α
a+ O(a2), (4.10)

µ̄
(3)
0 (a, α) =

5a

12α
+ O(a2), (4.11)

µ̄
(4)
0 (a, α) =

2 − 7α− 3α lnα+ 5α2

6(1 − α)2
− 9 − 12α+ lnα+ 5α lnα+ 3α2

12(1 − α)2
a+ O(a2), (4.12)

µ̄
(5)+(6)
0 (a, α) =

1 − α+ α lnα

2(1 − α)2
− 5 − 16α− α lnα+ 11α2 − 5α2 lnα

12α(1 − α)2
a+ O(a2). (4.13)

Eqs. (4.9)-(4.13) together with Eq. (4.8) yield a value of the magnetic moment in the limit b → 0 that corresponds

to the case of a light neutrino. We may compare our µ̄
(i)
0 (a, α) calculations with the results of Ref. [14]. Our results

for the contributions µ
(4)
0 (a, α), µ

(5)
0 (a, α), and µ

(6)
0 (a, α) disagree with those of the above cited paper. The Feynman

diagrams corresponding to the contributions i = 5, 6 contain the unphysical charged scalar boson. This boson
contributions should disappear in the unitary gauge when the gauge parameter α = ∞. Thus, the contributions
to the magnetic moment from these two diagrams must vanish in the limit α → ∞. This is exactly what we get
from Eq. (4.13). However, the similar expression from Ref. [14] does not depend on the gauge parameter at all. An
argument in favor of our results can be also obtained if one considers the value of the neutrino magnetic moment
within the unitary gauge. Indeed, it is easy to show that using the results of Ref. [14] it is not possible to get the
right value for the neutrino magnetic moment within this gauge. In the unitary gauge, only the diagrams shown in
Fig. 1(a) and 1(d) contribute to the neutrino magnetic moment. The results for these two contributions, that can be
obtained using the corresponding formulae presented in [14], are

µ
(1)
0 =

eGF

4π2
√

2
mν

{
2

3
− a

2
+ O(a2)

}
, (4.14)

µ
(4)
0 =

eGF

4π2
√

2
mν

{
7

12
+ O(a2)

}
. (4.15)

The sum of the leading terms in Eqs. (4.14) and (4.15) differs from the well known result for the neutrino magnetic
moment calculation (see, for example, Ref. [5]):

µ =
3eGFmν

8π2
√

2
.
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This fact points out that the contributions of the three diagrams shown in Fig. 1(d)-1(f) are calculated in [14] with
incorrect gauge-fixing parameter α dependence. Our calculation shows that to the leading order in mν each of these
three contributions of the diagrams in Fig. 1(d)-1(f) are gauge-fixing parameter dependent. Note that calculations
performed in [14] provide the correct results only within the ’t Hooft-Feynman gauge.

Let us now consider the value of the neutrino magnetic moment in the ”zeroth” order in the expansion over the
neutrino mass parameter b taking into account all the contributions. The sum of the coefficients (4.9)-(4.13) is found
to be independent on the gauge parameter α. The straightforward calculation of the neutrino magnetic moment in
the limit b→ 0 yields

µ0(a, α) =
eGF

4π2
√

2
mν

3

4(1 − a)3
(2 − 7a+ 6a2 − 2a2 ln a− a3) (4.16)

that is in agreement with Ref. [14].
Considering the next-order over the neutrino mass parameter b contribution to the magnetic moment, we find out

that the sum of the corresponding contributions of Eqs. (4.3)-(4.7) to the coefficient µ̄1(a, α) is given by

µ̄1(a, α) =

6∑

i=1

µ̄
(i)
1 (a, α) =

1

12(1 − a)5
(5 − 26a+ 6a ln a− 36a2 − 60a2 ln a+ 58a3 − 18a3 ln a− a4). (4.17)

Thus, we explicitly show by Eqs. (4.16) and (4.17) that in the one-loop level and to the second order in the expansion
over the neutrino mass parameter b the neutrino magnetic moment is a gauge-independent quantity.

The obtained Eqs. (4.3)-(4.7) also enable us to consider the magnetic moment of a rather heavy neutrino since the
mass parameters a and b are arbitrary in these equations. Let the neutrino mass mν be much greater than the charged
lepton mass mℓ (this case amounts to b ≫ a). Approaching the limit a → 0 in Eqs. (4.16)-(4.17), while keeping b
constant, for the neutrino magnetic moment we receive

µ =
3eGF

8π2
√

2
mν

{
1 +

5

18
b+ · · ·

}
. (4.18)

The recent LEP data require that the number of light neutrinos coupled to Z boson is exactly three. Any additional
neutrinos must be heavier than 80 GeV (see, e.g., Ref. [15]). Using our formulas Eqs. (4.3)-(4.7) for a massive Dirac
neutrino magnetic moment we can also examine the case of a very heavy neutrino. Let us consider the case of
neutrino mass being even greater than W boson mass. To examine this situation we should fix the gauge parameter
α in Eqs. (4.3)-(4.7) for simplicity of the computations. In what follows we set α = 1 that corresponds to the
’t Hooft-Feynman gauge. Thus, for the sum of all the contributions to the magnetic moment we obtain the expression

µ̄ = δℓ

∫ 1

0

dz
1

D − (1 − 2δW + 3δℓ)
1

2

∫ 1

0

dz z
1

D + (1 + 2δW + δℓ)
1

2

∫ 1

0

dz z2 1

D , (4.19)

D = z2 − z(1 − δW + δℓ) + δℓ,

where we redefined our mass parameters and introduced the two new quantities: δW = 1/b = (MW /mν)2 and
δℓ = a/b = (mℓ/mν)2. The case of the super heavy neutrino corresponds to the values of the new mass parameters in
the range δℓ ≪ δW ≪ 1.

One can prove by means of the direct calculation that

lim
δW →0

δW In = 0, and lim
δℓ→0

δℓIn = 0, n = 0, . . . , 2, (4.20)

where

In =

∫ 1

0

dzzn 1

D . (4.21)

Using Eqs. (4.20) and (4.21), we find that the function µ̄ in Eq. (4.19) is equal to 1/2 that corresponds to the magnetic
moment

µ =
eGF

8π2
√

2
mν . (4.22)

Eq. (4.22) presents the magnetic moment of a heavy neutrino with the mass much greater than W boson mass.
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At the end of this section let us compare the calculation of the neutrino magnetic moment in the unitary and Rξ

gauges. The calculations performed within these gauges, as it was mentioned in Ref. [20], are formally equivalent,
i.e. the two Feynman amplitudes become equal if we approach the limit α → ∞ prior corresponding loop integrals
are carried out. The diagrams involving unphysical scalar bosons must disappear in the unitary gauge. Therefore,
in such diagrams the limit α → ∞ and the integration over virtual momenta must be commuting procedures. We
directly verified this statement for particular case of the calculation of the massive neutrino magnetic moment. Indeed,
on the basis of either exact formulae (4.3)-(4.7) or the expansions given by Eqs. (4.9)-(4.13), we find out that the
contributions of the diagrams depicted in Fig. 1(b), 1(c), 1(e), and 1(f), which involve the scalar boson, vanish in the
limit α→ ∞.

A. Neutrino Magnetic Form Factor at Non-zero Momentum Transfer

In this subsection we study the neutrino magnetic form factor at non-zero momentum transfer in arbitrary Rξ

gauge as well as for arbitrary charged lepton and neutrino mass parameters (a and b). The γ−Z self-energy diagrams
shown in Fig. 2(a)-2(h) also do not contribute to the magnetic form factor at q2 6= 0. Therefore, the total one-loop
value for the neutrino magnetic form factor is given by

fM (q2) =
eGF

4π2
√

2
mν

6∑

i=1

f̄
(i)
M (q2),

where f̄
(i)
M (q2) are the contributions to the magnetic moment from the corresponding diagrams shown in Fig. 1(a)-1(f).

For the coefficients f̄
(i)
M (q2) we have

f̄
(1)
M (q2) =

∫ 1

0

dz

∫ z

0

dy(2 − 3z + z2)
1

D1
−

1

2

∫ 1

0

dz

∫ z

0

dy(az2 − bz2(1 − z) − ty(z − y)(2 − z))

[
1

D1(α)
− 1

D1

]
+

1

2

∫ 1

0

dz

∫ z

0

dy(2 − 3z) [lnD1(α) − lnD1] , (4.23)

f̄
(2)
M (q2) =

1

2

∫ 1

0

dz

∫ z

0

dy z(a+ az − b(1 − z))
1

D1(α)
, (4.24)

f̄
(3)
M (q2) =

1

2

∫ 1

0

dz

∫ z

0

dy(2a− 3az + az2 − bz(1 − z))
1

D2(α)
, (4.25)

f̄
(4)
M (q2) =

1

2

∫ 1

0

dz

∫ z

0

dy z(1 + 2z)
1

D2
+

1

2

∫ 1

0

dz

∫ z

0

dy(b(1 − z)2(z(1 − z) − 2y) − ty(z − y)(2y − 3z + z2) − 2ty)

[
1

D2(α) + y(1 − α)
− 1

D2

]
+

1

2

∫ 1

0

dz

∫ z

0

dy(−2 + 9z − 4z2 − 6y) [ln (D2(α) + y(1 − α)) − lnD2]−

t

4

∫ 1

0

dz

∫ z

0

dy(bz(1 − 3z + z2 + z3) − ty(z − y)(2 − z − z2))

[
1

D2
+

1

D2(α)
− 2

D2(α) + y(1 − α)

]
+

t

8

∫ 1

0

dz

∫ z

0

dy(8 − 13z + 3z2) [lnD2 + lnD2(α) − 2 ln (D2(α) + y(1 − α))] , (4.26)
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f̄
(5)+(6)
M (q2) =

∫ 1

0

dz

∫ z

0

dy y
1

D2(α) + y(1 − α)
+

1

2

∫ 1

0

dz

∫ z

0

dy((a− bz)(1 − z)2 + ty(z − y)(1 − z))

[
1

D2(α) + y(1 − α)
− 1

D2(α)

]
+

1

2

∫ 1

0

dz

∫ z

0

dy(2 − 3z) [ln (D2(α) + y(1 − α)) − lnD2(α)] , (4.27)

where

D1(α) = α+ (a− α)z − bz(1 − z) + ty(z − y), D1 = D1(α = 1) = 1 + (a− 1)z − bz(1 − z) + ty(z − y),

D2(α) = a+ (α− a)z − bz(1 − z) + ty(z − y), D2 = D2(α = 1) = a+ (1 − a)z − bz(1 − z) + ty(z − y),

and t = −q2/M2
W .

We discuss below the large positive t behavior of the integrals in the expressions of the proper vertices contributions
to fM (q2). For example, let us consider the following integral at t→ +∞:

J(t) = t

∫ z

0

dy
y

D2(α)
=

∫ z

0

dy
y

(y − y2)(y1 − y)
, (4.28)

where

y1 = z +
D

zt
+ · · · , y2 = −Dα

zt
+ · · · . (4.29)

Performing the integrations we readily find that

J(t) → ln t− lnD. (4.30)

In Eq. (4.30) we dropped the terms like 1/t and (ln t)/t which are negligible for large positive t. The remaining
integrals are evaluated in a similar way. Finally, we find that

f̄M (t) =

6∑

i=1

f̄
(i)
M (t) → 0, if t→ +∞.

The behavior of the magnetic form factor at large negative q2, described above, is consistent with the general Weinberg
theorem [21]. However, the case of the massive neutrino magnetic form factor has never been discussed previously.

It should be noted that in derivation of Eqs. (4.28)-(4.30) we assumed that α < ∞. Therefore, our result that
f̄M (t) → 0 at t → +∞ is valid in any gauge except the unitary one. The value of f̄M (t → +∞) may not be equal to
zero if we at first set α = ∞ and then approach the limit t→ +∞. The analysis of the large negative q2 behavior of
magnetic form factor within the Weinberg-Salam model in the unitary gauge is given, for instance, in Ref. [20].

Using the explicit formulae for the massive neutrino magnetic form factor for arbitrary gauge parameter α
[Eqs. (4.23)-(4.27)] we present in Fig. 3 the behavior of the function f̄M (t) for different gauges and a wide range
of t: 0 ≤ t ≤ 5 × 10−4. It can be seen that the magnetic form factor becomes gauge independent at t = 0 that
amounts to the case of on-shell photon. The value fM (t = 0) is equal to the neutrino magnetic moment, and Fig. 3
shows gauge independence of this quantity in agreement with our exact calculations performed above.

V. CONCLUSION

We have considered the massive neutrino electric charge and magnetic moment within the context of the standard
model supplied with SU(2)-singlet right-handed neutrino in general Rξ gauge. Using the dimensional-regularization
scheme, we have calculated the one-loop contributions to the neutrino electromagnetic vertex function taking exactly
into account the neutrino mass. We have presented the results of our calculations of different contributions to the
neutrino electric charge and magnetic moment as the closed integral expressions. It has allowed us to determine
the dependencies of these contributions on the neutrino and corresponding charged lepton masses as well as on the
gauge-fixing parameters. The integral expressions for the neutrino electric charge and magnetic moment obtained
in this work contain at most two definite integrals which, in principle, can be performed and expressed in terms
of elementary functions. However, the results are quite cumbersome and therefore we have presented them as the
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FIG. 3: The massive neutrino magnetic form factor versus squared transverse momentum in different gauges. The dashed line
corresponds to α = 100, the solid line to the t’Hooft-Feynman gauge (α = 1), and the dash-dotted line to α = 0.1

expansion over the neutrino mass parameter b. For several diagrams, which contribute to the neutrino charge and
magnetic moment and which have been calculated in Ref. [14] with mistakes, we have found the correct results.

We have found the general expressions for the contributions to neutrino electric form factor. These formulae have
been derived in general Rξ gauge and at arbitrary value of q2. We have shown that the electric charge of a massive
neutrino is a gauge independent and vanishing parameter in the first two orders of the expansion over the neutrino
mass parameter b. In the particular choice of the ’t Hooft-Feynman gauge we have also demonstrated that the neutrino
charge is zero in all orders of expansion over b, i.e. for arbitrary mass of neutrino. In the previously published works
devoted to the calculation of the neutrino electric charge the case of massless neutrino was studied within the Georgi-
Glashow (see Ref. [20]) and Weinberg-Salam (see Refs. [6, 7, 8, 9]) models. However, it is clear that the massless
particle must be electrically neutral. Although there is no doubt that the massive neutrino electric charge must be
also zero, however it has not been yet shown how it actually happens for corresponding Feynman diagrams.

There are other reasons to prove by the direct calculations that the value of the massive neutrino electric charge
is zero. For example, this problem is important in consideration of the neutrino spin oscillations. In the series of
our works [22, 23, 24, 25] we have elaborated the quasi-classical approach for the description of the neutrino spin
oscillations in arbitrary external electromagnetic field. An essential point in that studies has been the zero charge of
the massive neutrino. In this paper we have substantiated this assumption.

From the obtained closed two-integral expression for the massive neutrino electric form factor it is also possible to
derive the neutrino charge radius.

The structure of the massive neutrino electromagnetic vertex function have been examined in this work. We have
directly verified the decomposition of the neutrino vertex function. It has been found out that the value of the
additional ”form factor” f5(q

2), which is proportional to γµγ5 matrix, at q2 = 0 is zero in the first two orders of the
expansion over the neutrino mass parameter b and for arbitrary gauge parameter α. The vanishing of the additional
”form factor” f5(q

2) in the particular gauge (αZ = ∞ and αW = 1) but for the arbitrary charged lepton a and
neutrino b mass parameters as well as for arbitrary q2 has also been demonstrated. Such direct calculations have
never been carried out before.

For each of the diagrams contributing to the neutrino magnetic moment, we have obtained the expressions ac-
counting for the leading (zeroth) and next-to-leading (first) orders in the neutrino mass parameter b with the gauge
dependence shown explicitly. Each of the contributions is finite and the sum of all contributions turns out to be
gauge-independent. Our calculations also enable us to get the neutrino magnetic moment in the following ranges of
the neutrino, charged lepton, and W boson masses: mν ≪ mℓ ≪ MW , mℓ ≪ mν ≪ MW , and mℓ ≪ MW ≪ mν ,
which span almost all the cases presently discussed within different theoretical models. We have also presented the
general formulae for the massive neutrino magnetic form factor at arbitrary q2.

As for the behavior of the neutrino magnetic form factor at q2 6=0, we have found that the function fM (q2) essentially
depends on the gauge fixing parameter α at q2 6=0. The magnetic form factor may depend on the gauge parameter at
q2 6=0 since it is not a measurable property of a particle and, therefore, may not be invariant under the gauge group
transformations. The consideration of the gauge parameter dependence of the neutrino magnetic form factor as well
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as its asymptotic behavior at large negative q2 in the limit b → 0 within the Weinberg-Salam model is presented in
Ref. [20]. The transition magnetic moment of the Dirac neutrinos coupled with the light fermion f (mf ≈ mν) and
with the light scalar boson φ (mφ ≪ mν −mf ) through the Yukawa interaction ν̄fφ is discussed in Ref. [26]. The
transition magnetic moment dependence on q2 is also considered there. The analysis of the neutrino magnetic moment
is presented in Ref. [27] for various versions of the left-right symmetric models. The results of our massive neutrino
magnetic moment calculations can be applied to the treatment of the magnetic moment (including the transitional
magnetic moment) within the left-right symmetric model.

Although we have not studied the neutrino anapole form factor in this paper, this particular problem (which we
discuss in [? ]) is also important since, for instance, the anapole moment (the value of the anapole form factor at
q2 = 0) is the only static electromagnetic property of a Majorana neutrino (see, for instance, Refs. [4, 28]). It should
be noted that even a massless particle can posses the anapole moment, unlike the magnetic moment. Some resent
papers are worth mentioning in this respect (see [16, 29] and references therein). However, the investigation of the
neutrino anapole moment faces serious difficulties such as its observability and gauge dependence.
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APPENDIX A: FEYNMAN RULES

In this Appendix we present the full list of the Feynman rules [30] necessary for the calculation of the massive
neutrino electromagnetic vertex. In the Rξ gauge the propagators for the vector bosons, W and Z, an unphysical
charged scalar boson, χ, as well as charged ghosts, c and c̄, are presented in the following form

D(W )
µν (k) =

1

k2 −M2
W + iǫ

[
gµν − (1 − α)

kµkν

k2 − αM2
W + iǫ

]
,

D(Z)
µν (k) =

1

k2 −M2
Z + iǫ

[
gµν − (1 − αZ)

kµkν

k2 − αZM2
Z + iǫ

]
,

D(χ)(k) =
1

αM2
W − k2 − iǫ

, D(c)(k) = D(c)(k) =
1

αM2
W − k2 − iǫ

.

The fermion propagator has the standard form

S(k) =
6 k +mn

m2
n − k2 − iǫ

,

where n denotes the type of a fermion.
All vertices can be divided into several classes. We append below the corresponding graphs and Feynman rules for

each of these classes.
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k

qp

Zα

W−
β W+

γ

(a) g cos θW {(k − p)γgαβ+
(p − q)αgβγ + (q − k)βgγα}

k

qp

Aα

W−
β W+

γ

(b) e{(k − p)γgαβ+
(p − q)αgβγ + (q − k)βgγα}

FIG. 4: (a)-(b) vector boson triplex vertices.

W+
α Aδ

W−
β

Zγ

(a) eg cos θW×
{gαγgβδ +gαδgβγ −
2gαβgγδ}

FIG. 5: (a) vector boson quadruple vertex.
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W+
α

ψ̄I ψi

(a) (g/
√

2)γL
α

W−
α

ψ̄i ψI

(b) (g/
√

2)γL
α

Aα

ψ̄n ψn

(c) eQnγL
α , n = i, I

Zα

ψ̄I ψI

(d) (g/2 cos θW )γα×(
1/2 − 2QI sin2 θW + γ5/2

)

Zα

ψ̄i ψi

(e) −(g/2 cos θW )γα×(
1/2+2Qi sin2 θW +γ5/2

)

FIG. 6: (a)-(e) one vector boson and two fermions vertices.

Zα

χ− χ+

(a) −(g/2 cos θW )×
cos 2θW (p − q)α

Aα

χ− χ+

(b) −e(p − q)α

FIG. 7: (a)-(b) one vector boson and two scalar bosons vertices.



25

χ−

W+
α Zβ

(a) ig sin2 θW MZgαβ

χ−

W+
α Aβ

(b) −ieMW gαβ

χ+

W−
α Zβ

(c) −ig sin2 θW MZgαβ

χ+

W−
α Aβ

(d) ieMW gαβ

FIG. 8: (a)-(d) two vector bosons and one scalar boson vertices.

χ+

ψ̄I ψi

(a) −i(g/
√

2MW )×
(miPR − mIPL)

χ−

ψ̄i ψI

(b) −i(g/
√

2MW )×
(mIPR − miPL)

FIG. 9: (a)-(b) one scalar boson and two fermions vertices.
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⊖⊖, p

Zα

c̄+ c−

(a) −g cos θW pα

⊕⊕, p

Zα

c̄− c+

(b) g cos θW pα

⊖⊖, p

Aα

c̄+ c−

(c) −epα

⊕⊕, p

Aα

c̄− c+

(d) epα

FIG. 10: (a)-(d) one vector boson and two charged ghosts vertices.

χ+ χ−

Aα Zβ

(a) eg gαβ×
cos 2θW / cos θW

FIG. 11: (a) two vector bosons and two scalar bosons vertex.

All the momenta of particles associated with vertices are taken to flow in. Qi,I represent electromagnetic charges
of the fields ψi,I in the units of e. ψi,I representing the three generations of leptons and quarks correspond to usual
”up” (all types of neutrinos as well as u, c and t quarks; I3 = +1/2) and ”down” (all types of leptons as well as d, s
and b quarks; I3 = −1/2) components of an isodoublet, respectively, I3 is the third component of the isospin.

The arrow on a line indicates the direction of the flow of a certain quantum number: the charge for W±, χ±, the
fermion number for ψ, the ghost number for c, c. The symbol ⊕ or ⊖ at the charged ghost lines stands for the sign
of the charge carried by the arrow.

APPENDIX B: FEYNMAN INTEGRALS

In our calculation of Feynman integrals over virtual momenta we use dimensional-regularization scheme with the
following natural properties of γ-matrix algebra:

{γµ, γ5} = 0, {γµ, γν} = 2gµν, gµνgµν = N,

where N = 4 − 2ε is the number of dimensions.
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The dimensional regularization of the loop integrals in the Euclidian space is performed in the following way:

1

(2π)4

∫
d4k → 1

(2π)N

∫
dNk ≡ λ2ε

(2π)N

∫

Ω(N)

dΩ

∞∫

0

kN−1dk,

where Ω(N) = 2πN/2/Γ(N/2) is the area of a unit sphere in N dimensions. The dependence of an arbitrary positive
parameter λ, which has the mass dimensionality, is introduced to provide the total dimensionality of an integral. The
general technique for calculation of various loop integrals in the dimensional regularization scheme can be found, for
example, in Ref. [31]. It should be, however, rather helpful to include here some of the typical loop integrals which
one encounters while calculating the electromagnetic vertex function,

F
(0)
L =

i

π2

∫
dNk

1

(k2 +X)L
= −

(
λ2i2

π

)ε
Γ(L− 2 + ε)

Γ(L)

1

XL−2+ε
,

F
(0)
1 = X

[
1

ε
− ln

(
−πX
λ2

)
− C + 1

]
, F

(0)
2 = −1

ε
+ ln

(
−πX
λ2

)
+ C,

F
(0)
3 = − 1

2X
, F

(0)
4 = − 1

6X2
, F

(0)
5 = − 1

12X3
,

F
(1)
L =

i

π2

∫
dNk

k2

(k2 +X)L
=

(
λ2i2

π

)ε
Γ(L− 3 + ε)

Γ(L)

ε− 2

XL−3+ε
,

F
(1)
2 = 2X

[
1

ε
− ln

(
−πX
λ2

)
− C +

1

2

]
, F

(1)
3 = −1

ε
+ ln

(
−πX
λ2

)
+ C +

1

2
,

F
(1)
4 = − 1

3X
, F

(1)
5 = − 1

12X2
,

F
(2)
L =

i

π2

∫
dNk

(k2)2

(k2 +X)L
= −

(
λ2i2

π

)ε
Γ(L− 4 + ε)

Γ(L)

(ε− 2)(ε− 3)

XL−4+ε
,

F
(2)
3 = 3X

[
1

ε
− ln

(
−πX
λ2

)
− C +

1

6

]
, F

(2)
4 = −1

ε
+ ln

(
−πX
λ2

)
+ C +

5

6
,

F
(2)
5 = − 1

4X
,

where C ≈ 0.5772157 is the Euler constant.
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